MCC 2004.nb

Integrals Associated with the Potts Model

(Mathematica Noteboook Slides)

Victor Adamchik
Carnegie Mellon University, USA

International Course & Conference on the Interfaces among
Mathematics, Chemistry & Computer Sciences,
June 21-26, 2004, Dubrovnik, Croatia

Introduction

Percolation theory is concern with fluid flow inndom media, for example, molecules penetratingragpsolid
or wildfires consuming a forest

Broadbent and Hammersley (1957) wondered abouptbbable number of open channels in media for fluid
passage.

LetM = (m;) be a random binary matrix - the valuengf is 1 if the probabilityp and it is O if the probability is
1-p.

We introduces-cluster as an isolated group of adjacent (horizontallywertically) ones. The following matrix
(agssociated with gite percolation model) has 1 one-cluster, 2 two-chsséad 1 four-clusters:

1011

110
010
100

S =

The total number of clusters is 4.

What is the number of cluster when we consiten matrix?

This is also called the mean cluster density.

Considering random matrixes and using Monte Canhlsition, Ziff showed that the limit whem— oo exists.

Consider another kind of matrix associated witiolad percolation model

1 0 O
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It has 1 one-cluster,1 two-clusters and 1 fourielss
Again, whemgoes to infinity, the limit does exist.

Moreover, the limit can be expressed in an anafgtin (y = )

i E f""sedﬁﬂ) o ( cosh(x) — cos(2y) )d «
dy y J_ 2y g coshix)—1

Temperley && Lieb, 1971

Define, for our purposes,

1 o X cosh(x) — cos(2y)
P =55 [, seol gy oo Soogmeot )

Observe that the integral can be rewritten in tlleing alternative form (after performing integom by parts):

by = ASITY) f = tar(tant( 35 )) coth(3)
2(y) = 7 0 coshix) — cog2y)

Here is a graph d®,(y) on the intervaly € (0, 4n)

0.25¢}

Another way to investigate the structure of thecpkation model is to consider thaan cluster size

For the first matrix, the mean is

1+2+2+4
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For second

1+2+4

Again, the closed form cab be derived

Let us investigate what is known for triangulatitas.
Baxter, Temperley , Lieb (1978)

d  sinh((r — y) x)sin}"(%—x)
d_y fo xsinh(zr X) cosiy x)

The integral converges fgre [0, 3 7). Here is its pix on an intervgle (0, n):

Just as the first derivative has an interpretatiera mean value, the second derivative can bededjas a
measure of "fluctuations" in the number of clustemresponding to the bond percolation model.
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The Potts model encompasses a number of problersististical physics and lattice theory. It genees the
Ising model so that each spin can have more thanvadues. It includes the ice-vertex and bond patiom
models as special cases. It also is related tchegaloring problems: if we color each vertex itatiice with one
of g colors, in how many ways do we have exactbains of adjacent vertices colored alike?

see
F. Y. Wu, The Potts model, Reviews of Modern Physics, 54 (1982) 235-268.
for a survey

Square lattice

the limiting mean cluster density at the criticedlpability %:

16 4 ay

im logW(2) _ i fmsecrﬁﬂ—x) o ( cosh(x) — cos2y) )dx
N-co n 4y J_ . y coshix) -1

I will show that

Proof.
By differentiation we obtain

8v3 [ tarmi(tani2*)) sinhx 27 ™
v f (tanh(7)) sinh(x) dx - = xcoslig)CSCI(SX) dx
0

n (2 coslix) + 1)° n2 Jo

The second integral is almost trivial

27 r* X
—j x Cosh[ =] Csch[3x] dx
72 Jo 2

27
18 +9+/3
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Ful | Si nplify[od

6-3+/3

In the first integral, we change the variable aégrationx - —2 log(2).

dz

f‘” tarr}(tanh(£)) sinh(x) g fl 2(Z - Dtarl(52)
X =
0 (2 coshix) + 1)° 0 &+ 2+ 17>

Remarkably this integral can be computed by ugiegRisch algorithm

ey 2Z-VRG) 5 (243)
/4 0

Z+22+ 1)2

which completes the proof.

The second derivative can be regarded as a meaftitectuations” in the number of clusters copesding to
the bond percolation model.

We will prove here that

2

d
(cot(y) 59) Pa(y)

1 18
=——2—(25—8\/§)+—ﬂ_—

b

y=3

1 © X cosh(x) — cos(2y)
Pu(y) = E;j(; secrﬁﬂ)log( r—— )dx

which, again, is a new result.
Proof. First of all, we observe that

d 2
(cot(y) @) Pa(y)

20 1 P
__ 20 43t 2(Y) )
_x 3 3 0y? |..:x
y=3 y=3

Differentiating the integral and changing the vialéaof integratiorx -» —2log(z), we arrive at
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r)

dz+

Pa(y) | 16 fl zB+72-72-Dtar)( i;
(9y2 7 - /e 0 (Z4+ZZ+1)3
144V3 7 (1-72)log2

n? 0 -2+ @+2+1)7

648 fl Zlog(2) ,_ 972 * Zlog?(2)
™ Jo Z-D(B+7'+1) ™ Jo 2+1)(Z-2+17

These integrals are NOT elementary, but could la¢uéad in terms of di-logarithms which are usudifined as

A
D
k=1

As we see derivatives of the above integral daeptesent a problem.
But about the integral itself??

P 1 © X | cosh(x) — cos(2y) p
M‘E}fo sec!ﬁﬂ) og( coshix) — 1 ) X

my=0

Changing the variable of integratiar y and expanding the integrand at y = 0, we get:

2
P,(0) = if Iog(log; (X) + 1) Tx—
7 Jo X2 +1

4 fl log(log(+ ))

x2+1
Both integrals can be found in Gradshteyn and RyZtable of Integrals, Series and Products:

1 log(loa( s
f 000090 = X log[ r(i) \/ﬁ)
0

X2 +1 2

fl log(log?(X) + 712)
0

dx=rlo
X2 +1 d g[

@F(%)]

21(3)

Therefore,
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rck
P2(0)=4|0{ (43) ]
2I(3)

Triangular lattice

The mean cluster size corresponds to

o sinf(r — y) X) sink( X%
Paty) =3 [ )
0 x sinh(zr X) coshy x)

Lety= ”—qE , Wherep andq are positive integers.

Then the intedgral can be rewritten as

1z 11-2P)BI-2P) dz
1+BP)(1-29 log z

P3(y)=3
0

This integral belongs to the more common classtefjrals

1 1 2@
fo Iog(log(;)) 0" dz

wherea and 8 are positive integers anQ(2) is a cyclotomic polynomial.

This class of integrals is the main topic!!

The dimer model
a perfect matching of a graph is a set of edgdsctheers very vertex once
this is somewhat generalization to domino tilinfa @hessboard
the dimer model is a set of such matching for itdigraphs

Kenyon, Baxter showed that a partition functioroagsted with some kind of planar graph is

% sin((r — 1) x) sinh(4- 9 %)
Im X sinh(r X) coshr X)
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In his 2003 paper, Kenyon wrote "any informatiowaithis integral would be greately appreciated.”

Evaluation

as we saw, the above integrals can be convertx imrm

that is not known if these integrals can be eveldat finite terms
There a few such integrals in Gradzhteyn & Ryzhy#t & Vardi's paper
I.Vardi, Integrals, an Introduction to Analytic Nier TheoryAmer. Math. Monthly, 95 (1988).

however, ifQ(x) is a cyclotomic polynomial !!!

we can reduce the problem of integration to thio¥ahg two classes of integrals

1 1
fo (1XTpx”)F log Iog{%)dx
j: xp’l(Il__—::n)q log Iog(%)dx

Theorem1l Re(p) > 0andRen) >0

Here( is the Hurwitz zeta function
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S 1
{(za)= ) —=
kZ::‘J (k+a)

Proof

We start with

[ et o
0 X142 Ak(kn+p)

differentiating wrt top

L xp- 1, T Z‘” 1)
f X |qu_l(—)dx= (q) ( )
0 X'+ X A Ak (kn+ p)9
k=0

differentiating wrt toq

1 xp-1 1 1 oxp-1 1% (-D*logkn + p)
loglog — ) dx = - ax- —
fo XN+ A 9 Og{x) X yfo XN+ A X A z : Ak (kn+ p)
k=0

compute a limit when —» 1. QED

When the above integral can be done in elementaugtibns?

Corrolary 1

1 xn-1 1 log(2)log(2r?)
loglog( = | dx = - —2<2 291D
j(; 1+xn °9 Og{x) X 2n

Particular Cases:

7 (V2x T
fo IogIog{ ) ( R L ]
1 n(5log2n) - 6logI'(%) )
fo Iog Iog( ) 3v3

What if we change the denominator a bit??
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1 1 1
fo mloglog‘;)dx
fol 11__):; log Iog{;)dx

Theorem 2.

1 1-x 1
p-1 —
fo X 1> IogIog{X)dx_

Particular Cases:

1
X 1
f > Ioglog(—)dx
0 1+X+X+x3+x4t+x° X

back to theorem 1.

it is possible to generalize it for higher orders..

Theorem3  Re(p) > 0andRe(n) >0

1
xP-1 1
loglog — | dx
fo ey

involvesthe following trancendentals

¢ (1gn)-c b 5)
2(0.55)-¢0. %)
o1 5p)-el )

Generally speaking
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Theorem4 Regp)>0and Ré¢) >0
1 xp1 1
—— loglog — ) dx
f(; ( q 09 g(x)

1+ x0)

isalinear combinationsof

n+p
2n)

oo f)-c (0. 52)

, p , n+p
& (- 5g) =4 [ Z)
wherek =1, 2, ...,q-2
but whatis ¢'(-k, 2=) ???

The paper

B.Gosper,fﬂ% logT'(2) dz, Amer. Math. Soc, 14(1997).

in which he showed thdt(—1, 2) is related to the double Gamma function
logG(x) = (x—1)logT'(x) +¢'(=1) - (-1, x),
Rex) >0
where (Barnes, 1900)

G (z+1) =I'(z) G(2)

G(1)=1
a generalization of the functional equation for Ender Gamma function
I (z+1) = z['(2)
r1)=1

The Euler gamma is usually defined by the integral
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[(s) = fm e Xx>1dx
0

Gin+1) = ﬁr(k) = rlﬁk!
k=1 k=1

but what we know about’(-2, z2) or¢’(-3,2 and so on ???

they related to the multiple Gamma function

Multiple gamma and the Hurwitz functions

The multiple zeta function is defined by (Barne20Q)

(s 2= l; Z(k1+k2+ 4k, +2°

which can be rewritten as a single sum (Vardi)

I. Vardi, Determinants of Laplacians and multipengaa functionsSIAM J. Math. Anal., 19(1988), 493-507.

- 1 k+n-1
Znfs, Z)sz::‘) ——(k”)S( - )

Vardi expressed thi, function in terms of (s, 2)

04n
-1"logTn(a = -l IM (=5 Hn32). Z( Sy ) Rerk

where

. lim ag"k(s 1)
kzzlsl—»o( )

)

3)

Proposition. The multiple gamma function I',(2) may be expressed by means of the derivatives of the Hurwitz

zeta function:
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n-1
n _ 1 ’ ’
(-1)"logI'h(2) = e Z Pkn(2) ({ (=K) =" (=K, Z)) (4)

k=0

where the polynomials Py n(2) are defined by

n

CEDWC I I ©

j=k+1
where £'(t, 2 = & £(t, 2) and [?] arethe Stirling cycle numbers.

The polynomial$ n(2) can be viewed as the generalized Stirling polyatsrof the first kind, generated by

-1 n-1

(x+k-2) = Z Py n(2) X¥
k=0

>

=~
I

1

For z = 1 the polynomial$y ,(2) are simplified to the Stirling numbers:
n-1
Pea =[]

Tabl e[P[z, k, 5], {k, 0, 4}] // Tabl eForm

24 -50z +352z2-102z% + z*
50-70z +30z2-423
35-302z +6 22

10-4z

1

The functional equation
Pini1(2) = NP2 - Pinia(z+1) =0

Pk'n(z)zo, an
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Alternative forms

D% "t log‘l-y)
k! oyt 1-yt?

Pk| n(2) =

y—-0

and
n z )\ (n-1! [
Piin(2 = Z (n—i) (i-1)! [k+1]

i=k+1

Particular cases

ol ) C 0"

1, @n-3!! 3
Pl”(z) 2n-2 sz+1

(6)

(7)

D. S. Mitrinovic, Sur une classe de nombres redigés nombres de Stirling;. R. Acad. Sci. Paris, 252(1961),

2354-2356.

Mitrinovic, D. S.; Mitrinovic, R. S., Tableaux d'anclasse de nombres relies aux nombres de Stilling..

Beograd. Publ. Elektrotehn., Fak. Ser. Mat. Fiz., No. 77, 1962, 77 pp.

3
._\

Tox-k-2= ZRﬁ(Z)x

T
o

n-1

(x+k 2) = ZP" n(z)x

1

3
;_\

=~
I

R =, ]

R(1-2-R-2=n-D" P n2
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Inverse

we are mostly interested in the inverse, namelivdtves of the Hurwitz zeta as a function of fhe
(=M= (-n,2) =F(logly(2, 1ogT5(), ..., 10gTx.1(2)
For example, if = 2 we have
U(-2,2-¢"(-2) =2logT3(2) + (3-22) logTx(2) + (1 - 2)?logl'(2)

Proposition. The derivatives of the Hurwitz zeta function may be expressed by means of the multiple gamma
function I',(2)

{EM =2 (=2 = (-1 Y k! Qi n(@ logTisa(2 (8)
k=0

where the polynomials Qg n(2) are defined by

Qk,n(z)=i (1—2)”1'(?){'1} (9)

j=k

and { E} are he Stirling subset numbers, defined by

(=" 1)

(o) = on
Forz=0

awm -5 (0)10-{1:2]

j=k

n
Qk,n(l) = { k}

Forz=1
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Col | ect [Tabl e[Q[k, 5, z], {k, 0, 5}1, z] // Tabl eForm
1-52+1022-1023+52z%-2°
31-75z+7022-302z3%+52z%

90 - 125z + 60 z2 - 10 z3
65-502z + 10 z2
15-5z
1
The functional equation
Qun1(d - (k+1-2 Qn(@d — Qk-1,n(2 =0
Qk,n(z) = 01 kZ n
Shifted argument
n .
L B n { n-j+ 1}
Qi n( —Z)—Z(Z— ) (J) K+ 1
=0
Lemma. Polynomials Pj(2) and Q j(2) satisfy the following discrete orthogonality relation:
n-1 .
(-1 Qi | Pin(@ = Sk n1 (10)

1]
=~

where 6y -1 isthe Kronecker delta.
The proof of Lemma is based on the discrete orthalify relation for the Striling numbers:
: J
, n
—1)™) v =95
P SAYHELS
J:

1, 1
on-3 Q‘”’*”(E) =5 (7"-35+ 3l _q)

#Qn(1-2
0722

Z_,O:Z(nﬁz){ngz}




